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Abstract. The same set of physically motivated axioms can be used to construct both the classical ensemble Hamilton-Jacobi
equation and Schrödingers equation. Crucial roles are played by the assumptions of universality and simplicity (Occam’s
Razor) which restrict the number and type of of arbitrary constants that appear in the equations of motion. In this approach,
non-relativistic quantum theory is seen as the unique single parameter extension of the classical ensemble dynamics. The
method is contrasted with other related constructions in the literature and some consequences of relaxing the axioms are also
discussed: for example, the appearance of nonlinear higher-derivative corrections possibly related to gravity and spacetime
fluctuations. Finally, some open research problems within this approach are highlighted.
1. INTRODUCTION
Over the years there have been several attempts to understand the foundations of quantum theory in more physical
terms, or to re-formulate its mathematical structure. The various approaches have adopted perspectives from stochastic
dynamics, statistical physics, probability theory, geometry, quantum information, and some more exotic disciplines.
Recent examples of such endeavours may be found in various conference proceedings, for example [1], and in the
online physics preprint archive.
Some of the earliest attempts noted the close resemblance between Schrödinger’s equation, when written in some
new variables, with other classical equations. After a transformation ψ =√p eiS/h¯, Schrödinger’s equation reduces to
the two coupled equations,
˙S+
gi j
2
∂iS∂ jS+V +Q = 0 , (1)
p˙+ gi j ∂i (p∂ jS) = 0 , (2)
with
Q≡− h¯
2
8 gi j
(
2∂i∂ j p
p
− ∂i p∂ j p
p2
)
(3)
usually referred to as the quantum potential [2].
The notation is as follows: the equations have been written in Cartesian coordinates for N particles in d + 1
dimensions, i, j = 1,2, ......,dN where i = 1, ...d, refer to the coordinates of the first particle of mass m1, i = d +
1, .....2d, to those of the second particle of mass m2 and so on. The configuration space metric is diagonal and positive
definite, gi j = δi j/m(i), with the symbol (i) defined as the smallest integer ≥ i/d. The overdot refers to a partial time
derivative and the summation convention is used unless otherwise stated.
Without the quantum potential, the first equation is recognizable as the Hamilton-Jacobi equation describing the
classical motion of the particles, with S determining the velocity, vi, of the particles through vi = gi j∂ jS. Let us assume
[6] that one is uncertain about the initial conditions so that statistical methods must be adopted to locate the particles:
p(x, t) denotes the normalised probability density for the N particles. Then the second equation of motion above is
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the continuity equation. Lest there be confusion, let me emphasize that even for a single particle, N = 1, one has an
ensemble dynamics. However it is useful to discuss the N > 1 case so that the separability axiom can be adopted later.
The pleasing picture of classical ensemble dynamics is blurred when the peculiar looking quantum potential is
included. There have been numerous investigations to obtain and understand the structure of the quantum potential
using some form of micro-dynamics, such as the stochastic approach of Ref.[3]; for more references see, for example,
[4]. However, as even the proponents of those ideas admit, some of the assumptions made of the micro-physics go
beyond familiar classical dynamics; thus the mystery is not resolved but the focus shifted to another area.
An alternative, and perhaps less ambitious, route has been to understand the form of Q without assuming any
specific micro-dynamics, but rather using consistency conditions that are physically motivated: I will refer to this
approach as “physical axiomatics". In Sect.(2) I describe an example, from another branch of physics, on the use of
physical axiomatics for constucting dynamical equations. Following that, in Sect.(3), I review two recent attempts to
apply an axiomatic approach to understand the form of Q. That sets the stage for a complete axiomatic construction
of Schrödinger’s equation, obtained in Ref.[5], and summarised in Sect.(4). Some new topics are discussed in Sect.(5)
while the concluding section lists some open problems for future investigation.
2. AN EXAMPLE OF PHYSICAL AXIOMATICS
Here is a question that can be answered by using a constructive approach based on physically motivated axioms: “What
is the lagrangian for quantum electrodynamics (QED)?"
The discussion can start with the electron and one can obtain for it, following Dirac, a relativistic equation which
satisfies desired conditions. The Dirac equation has global gauge-invariance. Arguing for local-invariance, as Weyl
and Yang-Mills did, then introduces a gauge-potential through a covariant derivative. Next, requiring the gauge field to
be dynamical means that the lagrangian must have terms containing derivatives of the gauge-field. Imposing physical
constraints such as locality, local gauge-invariance, Poincare invariance and renormalisability, gives one the final F2µν
form quoted in textbooks.
Of course the construction described above was not the historical route that led to QED but, once the various
ingredients were recognised, similar arguments were used later to construct the standard model of particle physics,
and to propose various extensions probing physics beyond the standard model.
One may adopt a similar philosophy, of using physically motivated axioms, to try and understand the structure of
quantum theory itself which is currently taken for granted in the standard model and its extensions. This is discussed
in the next two sections.
3. DERIVING THE QUANTUM POTENTIAL FROM AXIOMS
The derivations of the quantum potential in Refs.[6, 7, 8] both have as their common starting point the classical
ensemble action
ΦC =
∫
p
[
˙S+
gi j
2
∂iS∂ jS+V
]
dxNddt . (4)
Varying the action (4) with respect to the field variables p(x, t) and S(x, t) (with x summarising all the spatial
coordinates) gives rise to
˙S+
gi j
2
∂iS∂ jS+V = 0 , (5)
(6)
and the continuity equation (2).
The next step in both of the derivations [6, 7] is to argue for an extension of (4) and then to constrain the extension
with some axioms so that a unique result is obtained. In this way a quantum action results which gives rise to the
quantum Hamilton-Jacobi equation and the continuity equation, and hence equivalently the Schrödinger’s equation.
Planck’s constant appears in these approaches to match the dimensions of the new term in the action with the old
terms.
Thus in both of the approaches [6, 7], essentially only the quantum potential is constructed from various axioms.
However it was shown later in Ref.[5] that one may use a single set of intuitive axioms to simultaneously derive
the classical equations and their quantum extensions which lead to Schrödinger equation. Thus both the classical
ensemble theory and quantum theory result from the same set of axioms with quantum theory being a single parameter
extension of the classical dynamics. One advantage of the unified approach of Ref.[5] is that it avoids the usual but
peculiar textbook procedure of obtaining quantum theory by “quantising" the classical limit of that same theory, when
clearly the latter should be derived from the former. The method of Ref.[5] is summarised in the next section.
4. THE SCHRÖDINGER EQUATION FROM SCRATCH
Suppose there are N particles whose dynamics we would like to describe. It will be assumed that a configuration-space
metric as described earlier exists. As before, suppose that we do not have sufficient information about the micro-
dynamics to fix the initial conditions, so that statistical methods must be used to locate the particles. Indeed, the
underlying dynamics could very well be deterministic but chaotic so that the trajectories become sensitive to initial
conditions [9] of which we lack knowledge of. For some recent papers discussing the emergence of quantum dynamics
within various deterministic theories, see [10].
Let H denote the ensemble hamiltonian which depends on the normalised probability density p(x, t) and let S(x, t)
denote the canonically conjugate variable,
H ≡
∫
dxNd p(h(p,S)+V), (7)
with V some external potential. Hamilton’s equations are
∂ p
∂ t =
δH
δS , (8)
∂S
∂ t = −
δH
δ p . (9)
The Hamiltonian framework was used earlier in [6] but with a different set of axioms than those adopted in Ref.[5].
The reader is referred to [6] for an extended discussion of the Poisson brackets and canonical transformations relevant
also to the present context.
An explicit form for h(p,S) can be constructed from the following reasonable axioms: locality, separability, Galilean
invariance, positivity of H, universality and simplicity [5]. Actually only rotational and translational invariance can be
imposed on h while invariance under boosts has to be imposed on the equations of motion.
Let me elaborate on the simplicity and universality conditions as they are less obvious. An example of what I
mean by “universality" is as follows: the normalisation of probability, 1 =
∫
dxNd p(x, t), implies that the dimensions
of p(x, t) depend on the dimensions of the configuration space. Thus H can be universal only if h is scale invariant,
h(λ p) = h(p). This scale invariance will ensure that the resulting equations of motion have a form independent of the
number of particles.
By “simplicity" I mean that the hamiltonian should have a minimum number of arbitrary constants, as befits
fundamental dynamics. An example of this constraint is to let h contain not more than two derivatives in any product of
terms that appears in it. As each derivative involves an inverse length, this condition obviously restricts the number of
new dimensional parameters, beyond the metric, that can appear in the action. This specific condition will be referred
to in brief as “absence of higher number of derivatives" or “AHD".
The criteria of universality and simplicity are what one expects of fundamental laws and they have been used, either
explicitly or implicitly, at various times in physics: a classic example is Newton’s law of universal gravitation to which
reference will be made again at the end of the paper.
Using the various axioms one obtains,
h = gi j (A(∂iS)(∂ jS)+B(∂i log p)(∂ j log p)) (10)
with A,B non-negative. Since A can be absorbed in a redefinition of the metric, the final result depends only on the
single universal parameter B with dimensions of action-squared. B = 0 gives classical ensemble dynamics while B > 0
leads, through Hamilton’s equations, to the quantum Hamilton-Jacobi equation (1) and the continuity equation (2).
The latter are equivalent to Schrödinger’s equation with B∼ h¯2.
One of the most striking results of the above analysis is that the linearity of Schrödinger’s equation is a consequence
of the other axioms!
5. NONLINEAR EXTENSIONS, GRAVITY AND STRINGS
The physical axiomatic approach shows that the usual, non-relativistic and linear, Schrödinger’s equation is a defor-
mation of classical ensemble dynamics, the relevant parameter being B in (10), but that both theories follow from the
same set of axioms.
If the simplicity axiom is relaxed to allow for higher number of derivatives, then dimensional analysis shows
that additional length scales must be introduced. Some of the higher-derivative terms might be corrections to the
linear Schrödinger equation such as what one would expect from the non-relativistic limit of the Klien-Gordon
equation; the relevant length scale for these terms would be the Compton wavelength. However other allowable
terms lead to nonlinear corrections to the Schrödinger equation and for those the length scale cannot be the Compton
wavelength as that would conflict with empirical data [11]. Since we wish to keep universality, this implies that a
higher-derivative extension of the non-relativistic Schrödinger equation, while keeping the other axioms, gives rise to
nonlinear corrections involving a new universal length scale L.
Nonlinear Schrödinger equations have been studied for many years with a period of high activity following
Weinberg’s contribution [12, 13]. Various experiments indicated that the nonlinearities, if they existed at all, must
be small [14]. Some theoretical arguments initially suggested that the nonlinearities would result in pathologies but
those conclusions were shown later by others to be premature [15]. Indeed, through a nonlinear gauge transformation
one may convert the linear Schrödinger equation into an equivalent nonlinear form [13], so general arguments about
the inconsistency of all nonlinear Schrödinger equations cannot be true (see also, for example, the discussion in [16]
for different perspectives and relevant references). Thus the linearity of Schrödinger’s equation is still worth examining
and, as will be apparent below, the new and promising experimental regime that should be explored is at high-energies
or short distances. There is a vast literature on nonlinear Schrödinger equations constructed using different frameworks
from those adopted here, and studied with diverse motivations; the reader is referred to [12, 13, 17], and references
therein, for a list of some of the papers.
Returning to the argument introducing a universal length scale, if one remains within the currently known forces of
nature, then gravity enables a universal length scale to be formed, the Planck length, so possibly L could be identified
with that [18]. These arguments therefore suggest a link between gravity and the potential nonlinearity of Schrödinger’s
equation at short distances: of the known forces only gravity couples to all matter and so is the only candidate to form
the universal length scale. However note that L might turn out to be a larger length somewhere closer to a possible
GUT theory [11].
It is interesting to note that some gravity induced corrections to Schrödinger’s equation have been derived in the
literature starting from the Wheeler-DeWitt equation [19], while others have introduced gravity-motivated corrections
to Schrödinger’s equation, see for example [20] and references therein. A nonlinear Schrödinger equation with a
dissipative term [21] has even been used to describe some low-energy dynamics of non-critical bosonic strings [22].
If one wishes that, while relaxing the simplicity axiom, all the possible nonlinear terms with higher number of
derivatives be controlled by a single free parameter then the infinite number of terms must be summable into some
compact expression. This would require one to make certain additional assumptions and to also relinquish one or more
of the above axioms. If one uses information theory motivations, which argue for “unbiased" constructions, then a
Schrödinger equation with a non-polynomial nonlinear correction, that is equivalent to a infinite number of derivatives,
can be constructed [11], but the equation breaks rotational symmetry. (Another reason for desiring a summation is that
higher derivative terms that are scale-invariant might lead to singularities in the equations of motion at points where
p(x, t) vanishes).
Although a similar constructive approach for relativistic particle systems is not yet available, it is instructive to
probe that domain using some heuristic arguments. In the relativistic regime “c", the speed of light in vacuum, appears
now as a universal parameter but it is, as we know, compatible with a linear quantum theory; its role is to covariantise
the equations by transforming the dimensions of time to those of space. Thus if we imagine the nonlinear Schrödinger
equation to be the nonrelativistic limit of a Dirac equation with a small nonlinearity, then the nonlinearity in the
Dirac equation should involve higher-derivatives controlled by the length parameter L. Although such a nonlinear
Dirac equation could still be formally Lorentz covariant, however generically it will no longer support the usual plane
wave solutions with dispersion relation E2 = p2 +m2. Thus one anticipates that at the relativistic level, potential
nonlinear generalisations of quantum mechanics will lead to deformed dispersion relations for “free" particles and
thus practically to Lorentz symmetry breaking. Furthermore, keeping covariance and higher derivatives would imply
higher-order time derivatives, which are typically problematic; but if only the spatial derivatives are of higher order
then covariance is broken.
The link between quantum nonlinearity and broken Lorentz symmetry has been discussed previously in [11, 18]
using information theory ideas. The main appeal of all these arguments is that they identify Lorentz invariance as,
possibly, the protecting symmetry for linear quantum theory, for then the scale of potential nonlinearities of quantum
theory would be naturally associated with equally small potential violations of Lorentz invariance at short distances.
For some other discussions in the literature concerning (non)linear quantum theory and short-distance physics, see
[11, 23] and references therein.
It is noted that in the abovementioned study of non-critical bosonics strings where an effective nonlinear Schrödinger
equation emerged, the Lorentz invariance of the system was also spontaneously broken [24]. For more references on
nonlinear Schrödinger equations the interested reader is referred to [12, 17, 23], and references therein.
6. SUMMARY AND OUTLOOK
The ultimate aim of the various re-derivations and re-formulations of quantum theory differs among the authors who
undertake those studies. The investigations in [5, 7, 11, 18] were ventured primarily to understand the structure of
Schrödinger’s equation, but they also enable one to propose well-informed deformations of the standard theory that
could be tested, or used for an eventual unification with spacetime.
It has been shown that one may derive and understand the structure of Schrödinger’s equation using standard
classical concepts. The derivation summarised here has not assumed any classical action as a starting point, unlike
[6, 7]. A similar construction should be possible also for bosonic fields, probably using axioms as above to re-do the
analysis in [6]. Some refinement of the axioms would be necessary to include gravity, for example. Thus instead of the
positivity axiom, one could demand instead that the continuity equation (2) is of the standard form; one must also be
liberal in dropping total derivatives inside the integral for H.
It might also be useful to similarly study quantum mechanics in phase space, and even string/M theory, as this might
give additional insight into those structures. Other applications of the methodology suggest themselves, for example
in kinetic theory and hydrodynamics.
One may connect the discussion here to that in [8, 7, 11] by interpreting the ensemble Hamiltonian H as a generalised
information (inverse uncertainty) measure: For fixed S, the ensemble Hamiltonian reaches a minimum when p is
uniform (maximum uncertainty).
The physical axiomatic approach has suggested that minimal extensions of Schrödinger’s equation, within the
discussed framework, imply nonlinear corrections whose size is determined by a universal length scale. In this way
one may systematically construct nonlinear quantum evolution equations, which are slight deformations of the linear
theory, to probe potential new physics at short distances. The reason such nonlinear equations might be useful for
probing small deviations from current physics is because they would still obey many of the other physically motivated
axioms that were used in their construction, and which are useful for interpreting the results. Some preliminary
suggestions on the high-energy phenomenological consequences of a nonlinear quantum theory were made in [11, 18].
Various arguments suggest that the nonlinear corrections are likely to be associated with a breaking of Lorentz
symmetry, and the length scale possibly associated with gravity. Since there is currently significant interest in searches
for Lorentz violation, some reviews are in [25], the potential nonlinear aspect of quantum theory in that regime should
be kept in mind when interpreting the data.
At a much more fundamental level however, a better description of the ultra-microscopic world might involve
something very different from a deformed Schrödinger-type equation. A historical example of such a transition
involves the theory of gravity: While a small correction term can be added to Newton’s inverse square law to account
for the precession of planetary orbits, a reformulation by Einstein showed that gravity was more usefully viewed
in an altogether different language; thus what appears simple today might become simpler tomorrow. Some recent
suggestions for a sub-quantum theory may be found in [26, 27, 28] and references therein.
ACKNOWLEDGMENTS
I thank Prof. Andrei Khrennikov, and all the other organisers, for the opportunity to communicate this work at a
stimulating workshop and for their hospitality. I also thank Harvendra Singh for helpful discussions on string theory.
REFERENCES
1. A. Yu. Khrennikov (editor), Quantum Theory: Reconsideration of Foundations-2, Ser. Math. Modelling, Vaxjo Univ. Press,
2004.
2. D. Bohm and B.J. Hiley, The Undivided Universe : An Ontological Interpretation of Quantum Theory, Routledge, 2003;
P. R. Holland, The Quantum Theory of Motion, New York, N.Y. : Cambridge University Press, 1993.
3. E. Nelson, Phys. Rev. 150 1079 (1966).
4. L. Pena and A.M. Cetto, The Quantum Dice, Kluwer Academic Publishers, 1996;
G. Kaniadakis, Physica A 307 172 (2002), and references therein.
5. R. Parwani, arXiv:quant-ph/0508125.
6. M. Hall and M. Reginatto, J. Phys. A:Math. Gen. 35 3289 (2002);
M. Hall, K. Kumar and M. Reginatto, J. Phys. A:Math. Gen. 36 9779 (2003).
7. R. Parwani, J. Phys. A:Math. Gen. 38 6231 (2005).
8. M. Reginatto, Phys. Rev. A 58 1775 (1998); 249 355 (1998);
B.R. Frieden, Am. Jour. Phys. 57 1004 (1989).
9. S. Strogatz, Nonlinear Dynamics and Chaos, Addison-Wesley Pub., 1994.
10. G. ’t Hooft, Class. Quant. Grav. 16 3283 (1999);
M. Blazone, P. Jizba and G. Vitiello, Phys. Lett. A 287 205 (2001);
T.S. Biro, B. Muller and S.G. Matinyan, Found. Phys. Lett. 14 471 (2001);
H.T. Elze and O. Schipper, Phys. Rev. D 66 044020 (2002).
11. R. Parwani, Ann. Phys. 315 419-452 (2005).
12. I. Bialynicki-Birula and J. Mycielski, Ann. Phys. 100 62 (1976);
T.W.B. Kibble, Commun. Math. Phys. 64 73 (1978);
S. Weinberg, Ann. Phys. 194 336 (1989);
13. H.D. Doebner, G.A. Goldin, and P. Nattermann, J. Math. Phys. 40, 49 (1999).
14. J.J. Bolinger, et.al, Phys. Rev. Lett. 63, 1031 (1989);
T. Chupp and R. Hoare, Phys. Rev. Lett. 64, 2261, (1990);
R. Walsworth, et.al, Phys. Rev. Lett. 64, 2599 (1990), and references therein.
15. B. Mielnik, Phys. Lett. A 289, 1 (2001);
M. Czachor and H.D. Doebner, Phys. Lett. A 301, 139 (2002 );
D.C. Brody and L.P. Hughston, J. Geom. Phys. 38, 19 (2001).
16. W. Lucke, arXiv:quant-ph/9904016;
T. F. Jordan, arXiv:quant-ph/0508092.
17. G. Svetlichny, arXiv:quant-ph/0410036 (Informal Resource Letter - Nonlinear quantum mechanics on arXiv up to August
2004).
18. R. Parwani, Braz. Jour. Phys., 35 494 (2005) (Proceedings of the DICE 2004 workshop held at Piombino, Italy).
19. T.P. Singh, Class. Quant. Grav. 7 L149 (1990);
O. Bertolami, Phys.Lett.A 154 225-229 (1991);
C. Kiefer and T.P. Singh, Phys. Rev. D 44 1067 (1991).
20. L. Diosi, Phys. Lett. A 120 199 (1984);
K.R.W. Jones, Mod. Phys. Lett. 10A 657 (1995);
R. Penrose, Gen. Rel. Grav. 28 581 (1996);
I. Moroz and K.P. Tod, Nonlinearity 12 201 (1999);
D. Kumar and V. Soni, Phys. Lett A 271 157 (2000);
T. Geszti, Phys. Rev. A 69 032110 (2004).
21. H.D. Doebner and G.A. Goldin, Phys. Lett. A, 162 397 (1992).
22. N.E. Mavromatos and R.J. Szabo, Int. J. Mod. Phys. A 16, 209 (2001).
23. G. Svetlichny, arXiv:quant-ph/0410230;
T.P. Singh, S. Gutti and R. Tibrewala, arXiv:gr-qc/0503116.
24. N. E. Mavromatos, arXiv:hepth/0210079.
25. H. Vucetich, arXiv:gr-qc/0502093;
T. Jacobson, S. Liberate and D. Mattingly, arXiv:astro-ph/0505267;
A. Kostelecky, arXiv:hep-ph/0412406.
26. S.L. Adler, Quantum theory as an emergent phenomenon : the statistical mechanics of matrix models as the precursors of
quantum field theory, Cambridge University Press, 2004.
27. C. Rovelli, Int. J. of Theor. Phys. 35 1637 (1996);
D. Poulin, arXiv:quant-ph/0505081.
28. L. Smolin, Three Roads to Quantum Gravity, Basic Books, 2001.
